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Motivation

XK Is N2z SYM the only* integrable theory in 4D?

X What happens in 4D when reduce supersymmetry?



Motivation

Xk . V> 2 SCFTs: the simplest next step.

3k Orbifolds of 427 SYM + marginal deformation: span a

big subset of the landscape of Lagrangian . V22 SCFTs.

3K Also generalisable to a large class of . V27 SCFTs.



The simplest example

lez

Z> quiver theory with "\; le
Z22
SU(N)XSU(N) color group k &
Z

Z> orbifold 427 SYM marginally deformed from the orbifold point ( g, = g, )

The orbifold projection: bif bif Adi
Y = 0 X (O T (% 0
\Xy 0 ) A\ 0) \0 2z,

%k When g, — 0 gives 422 SCQCD in the Veneziano limit (Ny = 2N,).



In this talk

3k Bottom up: Long-range coordinate Bethe ansatz

for three- and four-magnon eigenvectors

3k Top down: Novel Groupoid symmetry structures




Long-range

Coordinate Bethe

Ansatz

[2408.03365 Bozkurt, Nieto Garcia, EP
[2507.08934 Bozkurt, Nieto Garcia, Kong, EP



The SU(2)x7 sector

3 The SU(2) rotation on XZ is naively broken (by the orbifold)

* AdjO|nt vacua. ZZZ ‘“lezllle“' and “'222Z22222”‘

3k Bifundamental vacua: XXX: e X0 X9 Xppe

3K In this talk: only the adjoint ZZZ vacua

3 Excitations around XXX have very different behaviour

2
1 1 5
E(p)=x+—— K+— | —2sin“p
K K

k=2 [2106.08449 EP, Rabe, Zoubos]
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One magnon

One bifundamental X excitation interpolates between the two adjoint vacua:

(0]

W(P)ar = D, P | o ZonZonXoi (021 Zy1)

AT > ZZ|lP(p)>1j = |‘P(p)>ﬂ, i,j=12
0
WP = D, €™ ZyZi X2 o)

X=—00

2
E(p) = <\/§—#> + 4 sin? (%) =32

81

Energy eigenvalue

S—

[1006.0015 Gadde, EP, Rastelli]

Together parity and Z,: reading the chain backwards &7, | lI’(p))l-/- = | ‘I’(—p))l-,-
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Two magnons

Two bifundamental excitations

E ]
X1 <X,

| ¥ (PP = Z Wi1(D1s Pos X1 X) | oo Zy X0 () Zyp <+ 20y X5y (X)) Zy -+ )
| > Z 5 conjugate

| W (p1:p2))as = Z Woo(D1s Pos X1 X) | =+ Zop Xo 1 (6 2y -+ 21 X5 (69) 2o+ )

PSRRI LU
X1 <X,

With Wil D1 D23 X1s Xp) = (PP 4 S(py, py)etiPrtarny i =12
Energy eigenvalue E(py,py) = E(py) + E{(p,)

Scattering coefficients S =S(py,py) =
K ’

1 4+ eP1tiP2 _ DyeiP2

1 + eiPitipy — ket

SK(pl’pZ) - =
S20 = S1(P1sP2) =

[1006.0015 Gadde, EP, Rastelli]
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Three magnons

3k No solution with standard coordinate Bethe ansatz and

E3(P1,P2ap3)= Z E1(Pn)
n=1,2,3

3 Even when we add (a finite number of) contact terms to the CBA.

3k Precisely because the naive YBE is not satisfied.

Q21 Q12 Q21 Q21 Qi Qo1

S1:(P2> P3) S(P1> P3) S1P1-P2) F S(P1>P2) S1(P15 P3) Si(Pas P3)



Three & Four magnons

The only way to get an eigenvector with 3 or more excitations:

Is to allow for infinite position dependent corrections to the CBA:
( \
‘P?’(?, ?) = Z (AG _|_ Dé_l,m) ei?g'7

\ O'ES3 )
( \

V(P E) = | D) (A, +Dpmr) efPe T
\ 6€S3 )

With theintegers:n =x, —x;—l,m=x;—x,—landr=x;, —x; — 1

labelling the distances between the 3 or 4 magnons respectively.
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A lattice of corrections

For three magnons the D" corrections to the CBA arrange on a

lattice with nearest neighbor recursion relations:
N

Eigenvalue equations:

3k non-interacting DO3

3k two-magnon interacting

3k three-magnon interacting

V

For four magnons the D" arrange on a cube.
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Special solution

3k Only imposing the eigenvalue equations, does not completely fix all coefficients.

3k Makes sense: as we have not yet imposted any BC.

3k To further fix unknown coefficients: make sure that the Z, symmetry of the

orbifold is manifest (at the level of eigenvectors) as well as, that

3k For four magnons and short periodic spin chains (with untwisted or twisted BC)

we get the same answer as direct diagonalisation (we have checked up to L=6).

Impose: A = H 5{Pis Poiy)» D™ = SPo1y Po2) D(no’g)a@)d

i < o(i)
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Special solution

l Three magnon interacting eqgn. N
m
D0,3
l Two magnon interacting egn. g
1,1 2 2,1
D(F =0 Dg Do
. 1
0,2 _ P
Dy = (83_6 _2K> <K__ H 5P Poti) 0,1 1,1 1,2
K . . D ’ D D ’
i < o(i) o o o
l Non-interacting eqn.
>
1 pLo D20 D30
1 2
D= = (-~)<'< - ;) 11 swora ’ 0 ’
i < o(i)

All the corrections are completely fixed and they take the form:

dxdy Gj(x,y)

n,m 1 r
D" = K—— H S«(Pis Psiy) J(P1, P25 P31, M) = —

471-2 xn+1 m+1
I < o(i) Y
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Infinite tower of Yang-Baxter

3k The scattering coefficients of the special solution A = HSK(p,-, Py factorise

and obey the Yang-Baxter equation.

%k Remarkably, also the corrections D™ obey infinite tower of Yang-Baxter like

equations Vn, m , for three-magnons (and also Vr four-magnons).

YDy 3 POY (D1 D3, )Y (D1 P2: 3) = YT (D1 P2y DY (P15 D3, )Y (P2 P35 1)

The Yang operator captures permutations between different coefficients:

S(p D )1+f(P2’P1,P3§n,m) 0
yrm( )= REBE221 4 f(py, py, p3in,m) yrn( Yy =1
i PePe P L+ f(ps e prim.) jo PP PP PP
0 Sp2.P1)

1 + f(p3, p2, p1; m, 1)
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Smearing a magnon

Relate an (M + 1)-magnon eigenvector to an M-magnon eigenvector:

S R
lim lim — Z ‘P(141)(p1,p2,p3,p4,Xl,xz,x3,x4)=T(132)(P1,P2ap3,x1,x2’x3)

p,—0 L
Pa—Y 500 X=x3+1

1
At the level of the generating function: G(x,y,2) ~ R GOxy), z—1
— e O Z

G((,4)(x, v,2) ~ finite, y — 1

Putting together the pole structure: can write the four-magnon generating function

as a function of the three-magnon one:

2xyz <K _ K—l) <1 — elPiy — e—ipix) fj?(x 0) + --- J(gl)(y,o) + - A

(4) + -|— C.. X, V,
(1 —ePiz)(1 — e~Pix) (1 — eiriz) (1 — e—iPix) ikl Y5 2)

G ¥, 2) =
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Why is this
happening?



Novel

Groupoid
Symmetries

[2411.11612 Bertle, EP, Zhang, Zoubos



The Hilbert space

N24 SYM spin chain states: on the lattice sites a “single letter”:

unique ultrashort singleton representation of PSU(2,2 |4)
7 =X,Y,Z,X,Y,Z,..): adj .
All single letters are in the adjoint representation of the color group G.

The total space is ®é 7, .

V2.2 SCFTs spin chain states: two distinct ultrashort reps of SU(2,2 | 2):

7=(Z,Z,...):ade, %:(X,Y,X,Y,...)Ibif(;lx(;z
In the adjoint and bifundamental reps of the color group G; X G, X ...

The total space is not Q=% .
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The Hilbert space

The color index structure imposes restrictions on the total space!

X12 X21 allowed, Xi2 X412 not allowed, Z11X12 allowed, Z22X12 not allowed!

In [2106.08449 Rabe,EP,Zoubos] we identified this structure with a dynamical spin chain:

start with 427 SYM states and specify the first color index:
XXZXZL — X1pX01 211 X124plny and Xo1X (5259 X512411214

Most elegantly described as a path groupoid (follow the arrows).

X12
. ‘E Xo1 i@ )
le ; Y12 ﬁ ZQQ

Yo1

[2411.11612 Bertle,EP,Zhang,Zoubos]

Matches the 1-category structure in [2010.01060 Felder,Ren Quantum Groups for RSOS]
21



R-symmetry
algebroid




The SU(2)xz sector

XK N2 SYM the SU(2) is unbroken: <)Z(> = 2 its doublet rep.

Zy; Zy)
Xk A2 2 orbifold the SU(2) is broken: v Jorly cannot be doublets
12 21

as they are in different color reps.
3 The broken generators can be recovered by moving beyond

the Lie algebraic setting to that of a Lie algebroid.
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The SU(2)xz sector

First for single letter words.

%k N2 SYM unbroken SU(2): we have raising/lowering generators:

o,/ =Xando X =7

%k V2.2 SCFT broken SU(2): define two copies of raising/lowering:

!
0\'Z) = X and 61X, = Z,,

2 1

The new generators af) and af) carry the info about the color reps

or equivalently the Z, symmetry.
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The SU(2)xz sector

For single letter words

we are defining an algebroid acting as:
wherey € Z,is y*> =1

y > 2Ly =Zypandy > Xpp = X5y

as well as

y > 2y =2Zjpandy b Xy = Xy

25




The SU(2)xz sector

For two letter words it becomes non-trivial:

%k V27 SYM unbroken SU(2): the action on two sites is given by

the trivial coproduct Ao, = [ ® o, + 6. ® | which acts as

Ao, > XX = XZ + ZX

%k N2 2 SCFT broken SU(2): when using the naive coprdoduct

A0i=[|®di+0'i®|]

Not allowed color contraction

20



The SU(2)xz sector

3 For two letter words it becomes non-trivial:

3k N2 7 SYM unbroken SU(2): the action on two sites is given by

the trivial coproduct Ao, =1 ® 6, + 6. ® [ which acts as

Ac, > XX = XZ + ZX

%k V2.2 SCFT broken SU(2): improve the coprdoduct

" " 0'(1) PR
Ao, =1 Q® o, + 6. @ y which now gives G—*» XKB
Lo U(_1) L ,,:
Aoy D> X5 X5 = X192y + 211X l” ) l”
Allowed color contraction GZ—W a
(2) 7

27



The SU(2)xz sector

This coproduct naturally generalises for words of any length

AG+: 2 |]®0+®}/

all sites

With this rule, we have a Z, SU(2) algebroid obeying the usual SU(2) algebra:

[O_in), Ggm)] — G?En)énm [63(71), Uim)] — + o.in)énm

28



Invariance of the
Lagrangian



Invariance of the Lagrangian

3 Single trace operator like the Lagrangian are traces in color space.

3k To act with the coproduct we cut them open using cyclic

1
prescription: r(ABC) — 3 (ABC + BCA + CAB)

3 Explicit calculation the Lagrangian is invariant under the “broken
SU(2)xz” as well as the full SU(4). Here we show only SU(2) algebroid.

30



Invariance of the Lagrangian

The superpotential (at the orbifold point)

W = gtr1<(X12Y21 ~ Y12X21)Zu) + 8tr2<(X21Y12 ~ Y21X12)Zzz)

after our opening up procedure

§|W1> = (X12Y21 _ Y12X21> le + le <X12Y21 _ Y12X21) + (Y12Z22X21 _ X12Z22Y21>
After acting with any SU(2)xz generator we get zero
A0+ > %1 X (X12Y21 - Y12X21> X12 + X12 (X21Y12 _ Y21X12) + <Y12X21X12 _ X12X21Y12) =0
The Kahler part is trivially invariant as it is a singlet under the SU(2).
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Away from the orbifold point

Xk The coproduct gets deformed by the marginal deformation k = g,/g;.

3K This deformation is captured by a Drinfeld-like twist Z (k).

3 Which we read of from the F-terms (and D-terms for the full SU(4)).

1
F (k) > (X122 — Z11X1p) = X192y, — ;ZIIXIZ

[2106.08449 Rabe,EP,Zoubos]
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Away from the orbifold point

X
1
The F-terms define quantum planes X,Z,, — —Z2;;X;, =0 <
K

in the transverse to the D3 branes directions.

[2106.08449 Rabe,EP,Zoubos]

The B-field (transverse to the D3) the open strings ending on the D3 branes

see a non-commutative geometry. A quantum plane! [Seiberg,Witten1999]
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Away from the orbifold point

1
K

deforms the coproduct A,0, = F(k)Ao,.F ~1(x)

AKG_I_ — 2 - 1®0, ® yKS .-
Where s(Z;;) = 1 = s(X},), s(Z,,) = — 1 = s5(X,,) and ys = — s7.
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Invariance of the Lagrangian

Away from the orbifold point the superpotential:
W = 81”1((X12Y21 - Y12X21)le> + 82”2((X21Y12 - Y21X12)Zzz>

Opening up

1
g_ | W1> = <X12Y21 _ Y12X21) le + le <X12Y21 _ Y12X21) +K (Y12ZZZX21 _ X12ZZ2Y21)
1

Acting with the marginally deformed coproduct Acs, = 2 1 Qo @y’ -
1
A0-+ > %1 X <X12Y21 _ Y12X21) X12 + X12 <X12Y21 _ Y12X21> + K; <Y12X21X12 o X12X21Y12) =0

The Kahler part is also invariant as before.
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Spectrum



Reps of the SU(2) algebroid

This SU(2) was supposed Using the new coproduct

to be broken. From the F ym(K) = F 4 (1/K)

point of view of AZ2 they live in the same rep.
. X12X21X12X01

representation theory,

these operators are ( )

unrelated! X12Z2X01 X712 + X12X01 X12Z2 + £ (X12X21 21 X12 + Z1 X12X21 X12)

s ()

1 X19Z2Z9X01 + Z1X12Z2X01 + X12Z2 X1 Z1 + £Z1Z1X12X01 + £X12X01 2121 + £Z1X12X21 21

( ) Ao

1 X19Z2Z9 22 + Z1 X12Z2Z2 + K21 Z1X12Z2 + K> Z1 Z1 Z1 X1 2

()

fi‘,QZlZlZlZl
Relating Coulomb and Higgs branch operators in one algebroid multiplet.

The BPS operators also obtain by diagonalisation of the Hamiltonian (Feynman diagrams).
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2-sites for the full SU(4)

6x6=20+15+1 The 20’ is BPS but the 15 and the 1 are not.

SU(2). SU(2).,
/ t t )
200 15 v o
2 0,0, +2)
IR R 3 [eh—b)
73 2 ] 1 rrn e
1 |-3.+3,+1)  |[+3,+3,+1) |-3,+3,+1)  |+3,+3,+1)
|-1,—1,0) 0,—1 0>/ |+1,—1,0) / 0 _1,0>/ N
U(1)ro-ﬁ |-1,0,0) <—>IQ><|0,0,0> < > |+1,0,0>I | PN PN
|_17+1,0> ‘9,_‘_170)\ |+1,+1’0> U(l)T 0 | 170a O> 3 X |07070> |+17070>
NS . \0,+1,0)\ )
o TN g s OO e el NS N
=342 20) ‘j,%’%’_w -1+ 1{—5,—5,—1>H|+§,—5,—1>1
. v 141 9 I 41 9
-9 |0707_2> { 2’+27 > |+2’+2’ >

The action of the “broken generators” is denoted by blue arrows.

The unbroken by
The unbroken SU(2), by green arrows.



Summary

3%k Long-range coordinate Bethe ansatz for 3- & 4-magnons eigenvectors.
% Infinite tower of Yang-Baxter like equations.

3k The 4-magnon solution can be written in terms of the 3-magnons one.
3 Imposing periodic BC on 4-magnons = Hamiltonian diagonalization.

3k Novel Groupoid symmetry structures: both the Lagrangian & the spectrum.
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Future

3 Any number of magnons using smearing and poles as a guide.
3k Combine with bifundamental vacuum to guess the R-matrix.

3 What is the rapidity of the model? [2106.08449 Rabe,EP,Zoubos]

3 Better understand & learn how to use the Groupoid symmetries.

[2010.01060 Felder,Ren Quantum Groups for RSOS]

% Relation with RSOS already pointed out in [2106.08449 Rabe,EP,Zoubos].
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Thank you!

K




